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Abstract 

Given a digraph D = (V, A) and a positive integer fc, an arc set F C A is called a k- 
arborescence if it is the disjoint union of k spanning arborescences. The problem of finding 
a minimum cost fc-arborescence is known to be polynomial-time solvable using matroid 
intersection. In this paper we study the following problem: find a minimum cardinality 
subset of arcs that contains at least one arc from every minimum cost fc-arborescence. For 
fc = 1, the problem was solved in [A. Bernath, G. Pap , Blocking optimal arborescences, 
IPGO 2013]. In this paper we give an algorithm for general fc that has polynomial running 
time if fc is fixed. 

Keywords: arborescences, minimum transversal, matroids, polynomial¬ 
time algorithms 


1 Introduction 

The cuts of a matroid are the minimal transversals of the family of bases; in other words, a 
snbset of the elements is a cnt if it is an inclnsionwise minimal snbset that contains at least one 
element from each base. The problem of finding minimnm cnts in matroids has been stndied 
in several different contexts (note the distinction between minimal and minimum: minimal is 
shorthand for inclusionwise minimal, while minimnm means minimum size). Perhaps the best 
known special case is the minimnm cnt problem in graphs, which can be solved nsing network 
flows, and faster algorithms have also been developed (e.g. the Nagamochi-Ibaraki algorithm 
mi More generally, the minimnm cnt of kM, where M is a graphic matroid (or even a 
hypergraphic matroid, see la]), can be fonnd in polynomial time. A notable open qnestion is 
the complexity of hnding a minimnm cnt in a rigidity matroid. 

The minimnm cnt of a transversal matroid can also be fonnd in polynomial time; however, 
the problem of finding a minimnm circuit of a transversal matroid is NP-complete |10j . which 
implies that the minimnm cnt problem is NP-complete for gammoids. Another line of research 
considers the problem for binary matroids. NP-completeness was proved by Vardy El; Geelen, 
Gerards, and Whittle j7| conjectnre that the problem is in P for any minor-closed proper snbclass 
of binary matroids. Partial resnlts in this direction have been achieved by Geelen and Kapadia 
0 . 

If we consider minimum cost bases (or optimal bases for brevity) of a matroid M, then these 
form the bases of another matroid which can be obtained by taking the direct snm of certain 
minors of M. Thns we can hnd a minimnm transversal of the family of optimal bases of M by 
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solving minimum cut problems in some minors of M. In particular, if the minimum cut problem 
is solvable in polynomial time in a minor-closed class of matroids, then a minimum transversal 
of optimal bases can also be found in polynomial time in this class. For example, since the class 
of graphic matroids is minor-closed and the minimum cut problem can be solved efficiently, we 
can also efficiently find a minimum transversal of optimal spanning trees in a graph with edge 
costs. 

Our paper belongs to a line of research that considers directed versions of this problem. Let 
D = (I/, ^4) be a digraph with node set V and arc set A. A spanning arborescence is an 
arc set F Q A that is a spanning tree in the undirected sense and every node has in-degree 
at most one. Thus there is exactly one node, the root node, with in-degree zero. If the 
node set is clear from the context, spanning arborescences will be called arborescences for 
brevity. Arborescences can be considered as common bases of two matroids, so the problem of 
finding a minimum transversal of the family of arborescences is a special case of the minimum 
transversal problem for common bases of two matroids. This problem is NP-hard in general (as 
mentioned above, it is NP-hard even when the two matroids coincide). However, the special 
case for arborescences can be formulated as the minimization of the sum of the in-degrees 
of two disjoint node sets of the digraph, which can be solved efficiently using network flows. 
The problem of finding a minimum transversal of the family of minimum cost arborescences is 
considerably more difficult. It can still be solved in polynomial time as shown in [T], but the 
solution requires more sophisticated tools than network flows. 

The arc-disjoint union of k spanning arborescences is called a /c-arborescence. If T C A 
is a /c-arborescence in a digraph D = {V,A), then its root vector is the vector q G for 
which q{v) counts the number of arborescences in F that are rooted at r; G H. Note that the 
root vector is determined by the in-degrees, as q{v) = k — Qf{v) for every v € V, so it does not 
depend on the way a /c-arborescence is decomposed into arborescences. If every arborescence 
has the same root node s, then F is called an s-rooted /c-arborescence. Given D = (H, A), 
k and a cost function c : A — )• M_|_, a minimum cost /c-arborescence or a minimum cost s- 
rooted fc-arborescence can be found efficiently using the matroid intersection algorithm; see na 
Chapter 53.8] for a reference, where several related problems are considered. The existence of 
an s-rooted fc-arborescence is characterized by Edmonds’ disjoint arborescence theorem, while 
the existence of a /c-arborescence is characterized by a theorem of Frank |3]. Frank also gave 
a linear programming description of the convex hull of /c-arborescences, generalizing Edmonds’ 
linear programming description of the convex hull of s-rooted /c-arborescences. 

In this paper we consider the following two problems. 

Problem 1 (Blocking optimal /c-arborescences). Given a digraph D = {V,A), a positive 
integer k, and a cost function c : A —)> M_|_, find a minimum cardinality transversal of the family 
of minimum cost k-arborescences. 

Problem 2 (Blocking optimal s-rooted /c-arborescences). Given a digraph D = {V,A), 
a node s G V, a positive integer k, and a cost function c : A —)• ]R_|_, find a minimum cardinality 
transversal of the family of minimum cost s-rooted k-arborescences. 

In Section we show that the two problems are polynomial-time equivalent. For /c = 1, 
these problems have been solved in |Tj. Moreover, Problem is solved in |2] in the special case 
when c = 1 (note that Problem]^ is a minimum cut problem when c = 1). The papers [T| [2] 
also consider more general weighted versions of these problems. 

The main result of the present paper is an algorithm for Problems and that has poly¬ 
nomial running time when k is constant. It remains open whether there is a polynomial-time 
algorithm when k is not fixed, or indeed whether there is an FPT algorithm where k is the 
parameter. Along the way we obtain the following result of independent interest: the convex 
hull of root vectors of minimum cost /c-arborescences is a base polyhedron. This generalizes the 
result of Frank H] stating that the root vectors of /c-arborescences form a base polyhedron. 


2 


The paper is organized as follows. After a brief section on notation, the relationship between 
different versions of the problem is discussed in Section including a dual characterization of 
optimal /c-arborescences. The next section describes the matroid-restricted /c-arborescence 
problem, a generalization of /c-arborescences introduced by Frank [5] that is essential to the 
proof of the main result. In Section we describe the connection between matroid-restricted 
/c-arborescences and the dual characterization of optimal /c-arborescences. A corollary of this 
connection is that the convex hull of the root vectors of optimal fc-arborescences is a base 
polyhedron (Theorem 21). 

The structure of minimal transversals is analyzed in Section In the case when the size 
of the minimum transversal is at least k, we derive that there is a minimum transversal with a 
special structure (Theorem 31). This leads to the main result of the paper, an algorithm that 
finds a minimum transversal of optimal /c-arborescences in polynomial time if k is constant. 


1.1 Notation 

Let us overview some of the notation and definitions used in the paper. Given a digraph 
D = {V,A) and a node set Z C 1/, let D[Z] be the subdigraph induced by Z. If Li C A is a 
subset of the arc set, then we will identify E and the subgraph [V^E). Thus E[Z] is obtained 
from (IL, E) by deleting the nodes oiV — Z. The arc set of the digraph D will also be denoted by 
A{D). The set of arcs of D entering a node set Z is denoted 5^]^{Z), and qd{Z) = |(5)^(Z)|. For 
an undirected or directed graph G = {V,E) and a subset X CV, iciX) denotes the number 
of edges with both endpoints in X. 

A subpartition of a subset A of IL is a collection of pairwise disjoint non-empty subsets 
of X. Note that 0 cannot be a member of a subpartition, but 0 is a valid subpartition, having 
no members at all. A set family £ C 2^^ is said to be laminar if any two members of C are 
either disjoint, or one contains the other. For a vector x : A —)> M and subset Z C A we use the 
notation x{Z) = Y^a&z^a,- 

In the paper we will use the — (minus) operator in many roles beyond subtraction of 
numbers: for example we will use it for set-theoretical difference instead of \. Furthermore, 
for a digraph D = [V, A) and E C A we will use the notation D — E to mean the digraph 
(F, A — E). A one-element set {e} will be denoted without braces by e in some contexts; for 
example, E — e means E — {e}, and this is used even it e ^ E, in which case E — e = E. 
Similarly, for a subpartition X and for a member A G A, we write A — A instead of A — {A}. 

For general background on matroids and base polyhedra we refer the reader to |6]. Given 
a matroid M = (S, r) (where S is the ground set and r is the rank function) and a positive 
integer /c, the /c-shortening of M is the matroid {S,r') where r'{E) = min{r(F/),/c}. 

Given a function p : 2"^ —)• M, a subset A C S' is called separable if there exists a partition 
Ai, A 2 ,..., At of A such that p(A) < The function p is called near supermodular 

if p{X) + p{Y) < p{X n A) -|- p{X U Y) holds for every intersecting pair A, A C A of non- 
separable sets. The (upper) truncation of a set function p : 2*^ —>• M (satisfying p(0) = 0) is 
a set function p^ : 2“^ —)• M defined by 

p^(A) = max{^^{p(Z) ; Z G Z} : Z is a partition of A}. 

Theorem 1. Theorems 15.1.1 and 15.1.3] The truncation of a near supermodular function 
is fully supermodular. The truncation of a nonnegative function is monotone increasing. If p is 
near supermodular and the polyhedron B{p) = {x G : x(S') = p{S), x{Z) > p{Z) VZ C S'} 
is non-empty, then B{p) is a base polyhedron and B{p) = B(p^). 

Given a digraph D = (A, A) and a positive integer a, we will often use an extended digraph 
= (A -|- s, A"*"), called the a-extension of D, that has a new node s ^ V and a parallel 
arcs from s to every node in A. If a cost function c : A —)• M is also given, then we extend c to 


3 




a function : A~^ —)■ M so that c'^{uv) = c{uv) for any uv € A and c'’'(su) = /3 for any new 
arc sv G A'^ — A, where /3 is some nonnegative real number. The weighted digraph is 

then called the (a, /?)-extension of {D,c). 

2 Relationship between different versions of the problem 

Theorem 2. Problem^ (Blocking optimal k-arborescences) and Problem^ (Blocking optimal 
s-rooted k-arborescences) are polynomial-time equivalent. 

Proof. Problem reduces to Probem by deleting all arcs entering node s from the input 
digraph. For the other direction, consider an instance D,k,c oi Problemand let a = 1^41 + fc, 
/3 = YlaGA '^(®) + (-O'*") c"*") be the {a, /3)-extension of {D, c). In the instance of Problem 

given by ,k,c'^, s), the minimum cost s-rooted fc-arborescences naturally correspond to 
minimum c-cost /c-arborescences in D (since they contain exactly k arcs leaving s because of 
the value of /3). Moreover, the minimum size of a transversal is at most |^| as A itself is a 
transversal. This shows that every minimum transversal is a subset of A. □ 

To describe the structure of minimum cost fc-arborescences, we introduce the notion of a k- 
arborescence being tight for some laminar family of node subsets. Given a digraph D = {V, A) 
and a laminar family C C 2^, a A:-arborescence F Cl A is called T-tight if T’[1T] is a k- 
arborescence in L)[VF] for every W £ C. Note that if £ C 2^~^, then an s-rooted A:-arborescence 
F C Ais £-tight if and only A qf{W) = k for every W £ C. The link between £-tight s-rooted k- 
arborescences and minimum cost s-rooted /c-arborescences is provided by the following theorem. 

Theorem 3. ]1‘A Corollary 53.6a] Given a digraph D = {V,A) and a node s £V, the system 
0-(l2]) below is TDI, and it describes the convex hull of subsets of A containing an s-rooted 
k-arborescence. 


0 < x{a) < 1 for every a £ A 
Qx{Z) > k for ever non-empty Z <£V — s. 


( 1 ) 

( 2 ) 


If a cost function c : M — )■ M zs also given and we eonsider the problem of minimizing cx under the 
conditions above, then there is an optimal dual solution where the dual variables corresponding 
to Q have laminar support. 

Complementary slackness conditions imply the following. 

Corollary 4. Given a digraph D = {V,A), a cost function c : A M_|_, a node s £ V 
and a positive integer k, one can find a laminar family £ C 2^^“® and two disjoint arc-sets 
^0)^1 ^ ^ with the property that an s-rooted k-arborescence F <£ A has minimum eost if and 
only if A\ F F F A — Aq and F is C-tight. 

Proof. Consider the LP minjcx : x £ 0 < x < 1, Qx{Z) > k for ever non-empty Z C V — s}. 

By Theorem this has an integer optimal solution, which is a minimum cost s-rooted k- 
arborescence. Let y*,z* be an optimal solution of the dual 


max 

9y^ZCV-s aeA 


r,V-S 


-{ 0 } 


y £K_^ ' C z G 

yz - Za<Ca for every a £ A. 


We can assume that the support of y* is a laminar family £ C 2^^ by Theorem]^ The comple¬ 
mentary slackness conditions show that a feasible primal solution x* is optimal if and only if 
the following three conditions hold. 
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1. X* = 0 for every a € A with X]z-ae5™(z) y*z ~ (forbidden arcs), 

2. Qx*{W) = k for every W € C, and 

3. X* = 1 for every a G A with 2 ;* > 0 (mandatory arcs). 

By denoting the forbidden arcs by ^0 and the mandatory arcs by Ai we obtain the required 
structure. □ 

Theorem 5. Problem^ can he reduced to the following Problem^ in polynomial time. 

Problem 3. Given a digraph D = {y,A), a root s, and a laminar family C C find a 

minimum cardinality transversal of the family of C-tight s-rooted k-arborescences. 

Proof. Given a digraph D = {V,A), a cost function c : A —?• M+, a node s G V and a positive 
integer k, we consider Aq,Ai, and £ as in Corollary If there exists a mandatory arc, then 
it is a singleton transversal of the family of optimal s-rooted fc-arborescences. If Ai = 0, then 
the problem is equivalent to finding a minimum transversal of the family of £-tight s-rooted 
fe-arborescences m. A — Aq. □ 

Note that we can decide in polynomial time whether an £-tight s-rooted /c-arborescence 
exists by finding a minimum cost s-rooted fe-arborescence for the cost function c(e) = \\W G 
C-.eG5^{W)]\. 

3 Matroid-restricted /c-arborescences 

In this section we introduce matroid-restricted /c-arborescences, a notion that will be useful in 
describing the structure of £-tight fe-arborescences. Let D = (P, ^4) be a digraph, and for every 
X G P let My = {5ff{v),ry) be a matroid. Let furthermore M = {My : v G V} he the family of 
these matroids. A A;-arborescence F <G A is said to be Af-matroid-restricted (or matroid- 
restricted for short) if F ri6f{{v) is independent in My for every v GV. Similarly, an s-rooted 
fe-arborescence F G1 A is said to be Al-matroid-restricted if P n is independent for every 

V G V — s (note that the matroid Mg does not play a role here). The notion of matroid-restricted 
s-rooted A:-arborescence was introduced by Frank |5] in a slightly more general setting, where 
there is an additional matroid on the set of arcs leaving s. Our definition corresponds to the 
case where this is a free matroid. Some of the results of this section could be derived from [5l 
Theorem 4.5]; however, since the context is different, it is easier to include self-contained proofs. 

Let us define the matroid M® = (A, r®) as the direct sum of the matroids My (v G V). 
The following theorem is an easy consequence of the matroid intersection theorem. 

Theorem 6. Given a digraph D = {V,A) and matroids My = (5f^{v),ry) for every v G V, 
there exists a matroid-restricted k-arborescence in D if and only if the following inequality holds 
for every subpartition X of V: 

j;{r®(<5i,"(A)) : A G T} > k{\X\ - 1). (3) 

Proof of Theorem{^ The necessity of ^ is clear: if T C A is a matroid-restricted fc-arborescence 
and T is a subpartition of V, then k{\X\ — 1) < 6f{X) < i"® {bf}{X)) . In order to 

prove sufficiency, let Mi = (A, n) be k times the circuit matroid of the underlying undirected 
graph of D. Note that condition (j^ implies that D contains k edge-disjoint spanning trees, 
thus ri(A) = k{\V\ — 1). For every v G V, let M{ = r'y) be the /c-shortening of My, that 

is r'y(E) = min{r^(£). A;} for every E C df}(v). Let furthermore M 2 = (A, r 2 ) be the direct 
sum of the matroids M{. Observe that T C A is a matroid-restricted A;-arborescence in D if 
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and only if is a common independent set of Mi and M 2 and has size k{\V\ — l). By Edmonds’ 
matroid intersection theorem j3], such an F exists if and only if 

ri(£') + r 2 {A — E) > k{\V\ — 1) for every E F A. (4) 

We show that condition Q implies Q. Suppose that Q fails for some E. Clearly, we can 
assume that E is closed in Mi and Mi\E does not contain bridges (a bridge in a matroid is 
an element that is contained in every base). 

Claim 7. If E C A is closed in Mi and Mi\E does not eontain bridges, then there exists a 
partition y of V sueh that ri{D[Y]) = k{\Y\ — 1) for every Y € y and E = \JY&yD\Y]. 

Proof. We say that a non-empty y C 1/ is tight (with respect to E) if ri{E[Y]) = k{\Y\ — 1). 
in other words, Y is tight if E[Y] contains k edge-disjoint trees, each spanning Y. For example, 
sets of size 1 are tight. If Yi, >2 are both tight and Yi n 12 7^ 0 then Yi U Y 2 is tight, too. To 
prove this, let Ti C E he a tree spanning Yl and T 2 F E he a tree spanning Y 2 , and observe 
that Ti can be extended to a tree spanning Yi U Y 2 using the edges of T 2 — E\Yi\. Therefore 
let y be the partition of V consisting of the maximal tight sets. Since E is closed in Mi, it 
contains every arc of D that is induced in some Y G Y. Let G' = {V' , E') be the graph obtained 
from {V,E) after contracting every Y € y into a node y. We claim that iQi(Z) < k{\Z\ — 1) 
for every Z F V' with \Z\ > 2. Assume not and take an inclusionwise minimal set Z with 
iG'iZ) > k{\Z\ — 1). Then G'[Z] contains k edge-disjoint spanning trees by the theorem of 
Tutte and Nash-Williams m, which contradicts the maximality of the tight sets in Y. This 
implies that the bases of Mi\E contain every arc of E going between different members of the 
partition Y- But since Mi\E does not contain bridges, E = UygyiT)[Y], as claimed. □ 

Consider the partition Y in the above claim and observe that ri(Uyg3;i4[Y])+r2(Uyg3;(5j^(Y)) 
H\V\ - lYl) + Eyey^2(5i,"(T)) < k{\V\ - 1), thus EYey^ 2 {S^SiY)) < k{\y\ - 1). Let 
A = {Y G Y : r 2 {Y) < k} and note that YlxeX < k{\A\ — 1) holds as well. 

But r 2 { 6 f}{X)) = r®{5ff{X)) for every X G Y, thus we get a contradiction with ([^. □ 

Let us fix some s G Y. From now on we are interested in matroid-restricted s-rooted 
fe-arborescences, and we assume ry{S^j^{v)) = k for every v € V — s. Let 

= {IC 5f^\s) ■.\I\ = k and 

3 matroid-restricted s-rooted /c-arborescence E F A s.t. I = E H df)^{s)}. (5) 

Our aim below is to show that is the family of bases of a matroid on ground set 5f^^{s). For 
an arc set I C 6f^^{s), we use the notation I U D[V — s] for the digraph obtained from D by 
deleting the edges of Sff^{s) — I. 

Lemma 8. Let D = {V,A) be a digraph, let s G Y, and let My = {6ff{v),ry) be matroids of 
rank k for every v £ V — s. The following properties are equivalent for I C 

(i) I G B^, 

(a) |/| = k and I satisfies > k for every non-empty X C Y — s, 

(Hi) |/| = k and I satisfies \I f] E\ + r®{5fi}_^{X)) > k for every E C 6ff^{s) and non-empty 
X C Y-s. 

Proof. It is clear that (|^ implies (|^ . Let us prove that (|^ implies (|^ . Let D' = IU D[V — s]. 
We will prove that there exists a matroid-restricted fc-arborescence in D' by applying Theorem 
Suppose that X]{?’®((^^/(X)) : X G A} < k{\A\ — 1) for some subpartition A. Note that 
we can assume r®{6ff,{X)) < k for every member X of A, and clearly \A\ > 1 has to hold. 
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Therefore there must exist a member X G with s ^ X and r®((5]^,(X)) < fe, contradicting 

0 . 


Next we show that 0 implies (hi). If T C ^ is a matroid-restricted s-rooted fe-arborescence 
with I = F r\ 5°j^^{s), E C and X FV — s, then k < qf{X) = QFnEiX) + qf-e{X) < 

iFnifl + r®((5)^_^(X)) = |/ni?| + r®(5)^_g(X)). Finally, we show that ( p^ implies (|^. Take 
some non-empty X C ^ — s, let FI = H (5)^(X)) — I and apply the property in ( [hi] ) for 

X and E to obtain (ji^. □ 


Consider the following polyhedron. 

P = {xG : X > 0, (6) 

x{E) >k- r®{5^_E{X)) for every E C 5°i^\s) and 0 / X C C - s}. (7) 

Clearly, P is non-empty if and only if r®{6fj:{X)) > k for every non-empty X F V — s (the 
condition is necessary because otherwise ([^ does not hold for E = %] on the other hand, if this 
condition holds, then k\ G P). Furthermore, it is enough to require (|^ for non-empty subsets 
X that contain the head of every arc of E. We can also observe that non-negativity of x is 
implied by (|^ in the definition of P. Indeed, let st G A be arbitrary and apply (|^ for E = {sf} 
and X = {t} to get x{st) > k — rt{S^"‘{t) — st) > 0. 

From now on we assume that P is non-empty. Dehne the set function p : —)> M as 

p{E) = msix{k - r®{6^S-Ei^)) : 0 / X C F - s}. (8) 

Note that p < k and p{5^^{s)) = k — — s)) = k. Furthermore, p(0) = 0 

(p(0) < 0 by the non-emptiness of P, and take any v G V — s and use Tv{Pe{'^)) = k to obtain 
p(0) P k — r®((5]^(n)) = 0), and p is monotone increasing. With this dehnition, P is described 
as 


P = {xG :x{E)> p{E) for every E C 

Recall that a function p : 2“^ —>■ M is near supermodular if p(X) -|- piY) < p{X n X) -|- 
p{X U Y) holds for every intersecting pair X, X C X of non-separable sets, where a set X is 
separable if there exists a partition Xi,X 2 ,... ,Xi of X such that p(X) < ^iP{Xi). 

Theorem 9. The function p defined in (|^ is near supermodular. 

For the proof of Theorem]^ we need the following claims. 

Claim 10. Let Ei,E 2 C 5f^^{s) and Xi,X 2 GV — s he arbitrary, then 

r®{5^S-EA^i))+^'"i^D-E,{X2)) > r®(5-_(g^u^^)(XiUX2))+r®(cl-_(^^n^^)(XinX2)). (9) 

Proof. By the properties of the direct sum, it is enough to show the following for an arbitrary 
V G V, where A denotes 6 e{v). 


If n ^ Xi U X 2 , then there is nothing to prove, every term is zero on both sides of (jlOj). If n G 


Xi — X 2 , then the second term is zero on both sides of (10), and the inequality ?’i;(h^_£;^ (^ 1 )) — 
''"i>i^A-(EiUE2)^^^ ^ 2 )) is implied by the mononicity of r^. Clearly, the case v G X 2 — Xi is 

analogous, therefore assume v G XinX 2 . Observe that (11) and (12) holds. For an illustration, 
see Figure 


S^a-eA^^) n 5 a-e,(^ 2) = u X 2 ) (11) 

S^a-eA^i) U <5a-e,(^ 2) = n X 2 ). (12) 

This, together with the submodularity of r^, finishes the proof. □ 
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Figure 1: An illustration for proving (11) and (12). The arcs of {Ei — E 2 ) H are coloured 

blue, those in {E 2 — Ei) n S^^{v) are red, and those in {Ei n E 2 ) n are magenta. That is, 

A — Fii is the set of arcs in the figure that are neither blue, nor magenta, etc. 


Let us introduce the following notation. For a set E C let C 1/ — s be an 

arbitrary subset that attains the maximum in the definition ® of p(E) (that is, X/? A 0 and 
p{E) = k-r®{S^S-EiXE))). 

Claim 11. IfE C is non-separable, then Xe contains the head of every arc of E. 


Proof. Suppose not and let Ei C E he the subset of those arcs which have their head in 
Xe- Then p{E) = k- r® (S^S-Ei^E)) = k- r®{d^S_j^^{XE)) < p{Ei). But then p{E) < 
p{Ei) p{E — El) by the non-negativity of p, contradicting the non-separability of E. □ 

Proof of Theorem\^ Let Ei,E 2 C 5f^^{s) be non-separable sets so that Ei D E 2 ^ 0. By 
Claim 11 Xi = XEi contains the head of each arc of Ei for both i = 1,2. This implies that 


Xi n X 2 7 ^ 0, and Claim 10 gives 


p{Ei) +p{E 2 ) =Y.^- r®{^D-EAXi)) < 

i=l,2 

2 k - {r®{ES-iE,uE,)iXi U X2)) + n X2))) < 

p{Ei n E2) +p{Ei U E2). 


□ 

Theorems!^ and [pimply that P is an integer polyhedron. It is also easy to see the following. 

Corollary 12. The polyhedron B = {x ^ P \ x{6f^^{s)) = k} (if not empty) is a base 
polyhedron of a matroid. It is the convex hull of incidence vectors of members of . 

Proof. We show that x € B implies x < 1. This, together with Theorems and and Lemma 
proves the corollary. Take x € B and st G A. Let E = — st and X = V — s. By Q, 

we have k — x{st) = x{E) > k — r®{5l);{V — s)) = k — rt({st}) > A: — 1. □ 

The following claim describes the (fully supermodular) truncation of p. 
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Claim 13. For any E C 5^^{s), 

p^{E) = max < (k — r®((5)^_^(X))) : X is a subpartition ofV — s 

[xex 


(13) 


Proof. Let E C 5ff^{,s) and let be a partition of E that gives p^{E) = YliPi^) ■ ^ ® 
and, subject to this, {T-Ll is minimal. Clearly, every Ef € T-L is non-separable. We claim that 
{Xh ■ H G Ti} is a subpartition of IL — s. If there exist Eli, H2 € Ti so that Xhi H Xh2 7 ^ 0 ) 
then (by Claimj^ p{Hi)+p{H2) < 2 /c- +r-®U 

^^2))) — PiHi'JH2) +p( 0 ) = p{Hi U H2), therefore EL' = EL — {Hi, H2} + {ILi UiL2} also gives 
p^{E) = Yl{pi^) ■ ^ ® contradicting our choice of EL. □ 

Corollary 14. Let D = {V,A) be a digraph, let s , and let M„ = (6f}{v),rv) (v € V — s) 
be matroids of rank k. The family defined in (|^, if non-empty, defines the family of bases 
of a matroid M® on ground set dff''{s). The family is not empty if and only if 

(a) r®{5'ff{X) > k for every non-empty X C 1/ — s, and 

(b) ^ ® ^ every subpartition X of V — s. 

The rank function of M® is given by the following formula for any E C 6f^''{s): 


^{E) = min 


r®((5gy£)jy_^j(X)) — A:(|fL| — 1) : X is a subpartition ofV — s 

.xex 


Proof. Consider the function dehned by (13). By Theorem]^ p^ is monotone increasing and 
supermodular, and P = {x G : x{E) > p^{E) for every E C Sfff'{s)} if P is non-empty. 

Thus B = {x £ P : x((5^*(s)) = k} is not empty if and only if P / 0 and p^((5^*(s)) = k, that 
is, if and only if both (Q and i§ hold. Since the fully supermodular function describing the 
base polyhedron B is p^, it is the co-rank function of the matroid M®, and its rank function is 
given by the formula 


P(P) = p'^{5T{s)) - P^iSTis) -E) = k- p^idTis) - E) 

= min{ — 1) : 'T is a subpartition of IL — s}. 

x&x 


□ 


4 Matroidal description of £-tight /c-arborescences 

Let D = {V, A) be a digraph, let £ C 2^ be a laminar family, and assume that there exists 
an £-tight /c-arborescence in D. Without loss of generality, we also assume that V and all 
singletons are in C. Let furthermore P® denote the (|4| -|- A:)-extension of D. The £-tight 
fe-arborescences in P® are all rooted at s and, since V £ C, there is a natural (though not one- 
to-one) correspondence between £-tight Parborescences in P and those in P®. For LF G £, 
let Dw denote the digraph obtained from P® by contracting V + s — W to a single node sw 
and removing the loops that arise. Note that there is a natural bijection between dfif^{sw) 
and (5^+(iy); we will basically identify these two arc-sets in the discussion below. The main 
theorem of this section is the following. 

Theorem 15. The family Bw = {I E '. \I\ = k and I can be extended to an 

£.[W]-tight sw-Tooted k-arborescence in Pw} forms the family of bases of a matroid My/ = 

i^Diisw),rw)- 
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Proof. We recursively show that the family Bw indeed defines a matroid Mw for every W ^ L. 
For the singletons {n} G £ it is clear that is the uniform matroid of rank k on ground 

set (5^+(n). Let W G £ be a non-singleton, and assume that has already been defined 

for every W' G £ that is a proper subset of W. Let Wi, W 2 ,... ,Wi be the maximal members 
of £[VF] — VF, and let us contract each Wi into a single node Wi {i = 1,2,...,/). Let W = 
W/ {Wi, IF 2 ,... ,Wi} be the set obtained from W by these contractions, and similarly, for a 
subgraph {W + sw,E) of Dw we use the notation E = E/{Wi,W 2 , ■ ■ ■ ,Wi} to mean the 
graph obtained from {W + sw, E) by the contractions (and deletion of the loops that arise). In 
particular, let D = D\y/{Wi, W 2 ,... ,Wi}. The matroids Myy. naturally give rise to matroids 
for every i; let M = 

Claim 16. If E C A{Dw) is an C[W]-tight sw-footed k-arborescence, then F is Ai-matroid- 
restricted. Conversely, if E' C. D is an A4-matroid-restricted sw-^ooted k-arborescence in D 
and \S'^^{s]y)\ = k, then there exists an C[W]-tight sw-footed k-arborescence F C A{D\y) such 
that F = F'. 


Proof. The first statement is clear from the definition of the matroids M^.. For the other 
direction, let F' C D he an Wl-matroid-restricted spv-rooted /c-arborescence in D, such that 
= k. Consider F' as a subgraph of Dw, and note that 6^p,{Wi) is a base of M\y^ for 
every i. By the definition of M\y^, (5p(lFi) can be extended to an £[lFj]-tight arborescence F) 
in Fwi for every i. The sw-rooted /c-arborescence F = F' (JUjFj is £[VF]-tight and F = F', as 
required. □ 


The claim implies that By/ consists of the arc sets of size k that can be obtained as the arcs 
incident to s\y of an Al-matroid-restricted svy-rooted /c-arborescence, so the statement of the 
theorem follows from Corollary [T^ □ 

Corollary 17. The matroids defined in Theorem have the property that a k-arborescence 
F C A{D^) is C-tight if and only if F D (W) is a base of Myy for every VF G £. 


A recursive formula for the rank function ryy of the matroid M\y defined in Theorem 
can be deduced from Corollary {\A 
will be used extensively. Let LFi,. 


We state this recursive formula expicitly below because it 
., Wi denote the maximal members of £[1F] — LF. For an 
arc set E C <5)^+(LFj), we use the notation r^(F) = Yl\=i ^w,{E C d'^ff+iWi)). A subset X 
of LF is called £[LF]-compatible if it is the union of some maximal members of £[LF] — LF. A 
subpartition F of LF is £[LF]-compatible if every member of V is £[LF]-compatible. 


Corollary 18. Let LF G £ and E C 6'ff+{W). If \W\ = 1, then r\y{E) = min{/c, |F|}; 
otherwise 


ry/{E) = min{ r^{5'^pyjp^y^T^{X))—k{\X\ — l) : X is an C[W]-compatible subpartition ofW}. 

xex 


Theorem 15 for W = V gives the following corollary. 

Corollary 19. The convex hull of root vectors of C-tight k-arborescences in D is a base 
polyhedron. 


Theorem 15 in itself does not imply that the root vectors of minimum-cost /c-arborescences 
also determine a base polyhedron, because we have to deal with mandatory arcs, i.e. the arcs 
of Ai in Corollary The following transformation solves this issue. 
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Figure 2: An illustration for the MANDATORY ARC transformation. 


MANDATORY ARC TRANSFORMATION Given a digraph D = {V,A), a node s £ V, an arc 
a = uv (where u,v £ V — s), and a laminar family C C 2'^“^, we construct a digraph D' = 
{V + Xa, A — a + Ba), where Ba = {uxa, Xav} U {fc — 1 parallel copies of vxa}- Let furthermore 
C' C 2^+^“ be dehned as CJ = {W G £ : n 0 LF} U {W + Xa '■ v £ W £ C} (note that {n} G L 
implies that {xa, v} £ C'). See Figurej^for an illustration. It is easy to check that C is laminar. 

Claim 20. For an C-tight s-rooted k-arborescence F <£ A containing a = uv, let (p{F) = 
F — a + Ba- Then 4> is a bijection between C-tight s-rooted k-arborescences containing a in D 
and C'-tight s-rooted k-arborescences in D’. 

Proof. First we show that if F C A is an £-tight s-rooted fe-arborescence containing o, then 
</>(F) is an £'-tight s-rooted fc-arborescence in Dh Let Fi, F 2 ,..., be a decomposition of F 
into k s-rooted arborescences and assume that a £ Fi. Let F[ = Fi — a -\- {uXa, Xav}, and let 
Fj' = Fj plus a copy of the arc vXa for every i = 2,... ,k. Then F(, F 2 ,..., F^ is a decomposition 
of 0(F) into k s-rooted arborescences in D', so 0(F) is indeed an s-rooted Farborescence in 
Dh Furthermore, 0(F) is £'-tight, as 0(F)[{xa,u}] is a fc-arborescence, and the indegree of any 
other set W £ C! \n the subgraph 0(F) is k. 

For the other direction, let F' C A' be an arbitrary £'-tight s-rooted Farborescence in 
D'. Since F'[{xa,u}] is a Farborescence and Qp'ixa) = k, Ba F F' must hold. Let F = 
F' — Ba -\- a; we show that F is a £-tight s-rooted fe-arborescence in F - since a £ F and 
F' = <f{F), this completes the proof. Let F(,F 2 ,...,F^ be a decomposition of F' into k s- 
rooted arborescences in D', and assume that uXa £ F{. Then clearly XaV is in F{ too, so 
F{ — {uXa, Xav} -£ a, F^ — vXa, Fg — vXa, ■ ■ ■, F^ — vXa is a decomposition of F into k s-rooted 
arborescences in D. The ^-tightness of F can be shown similarly. □ 

Using this transformation we can now prove the following. 

Theorem 21. The convex hull of the root vectors of optimal k-arborescences is a base polyhe¬ 
dron. 

Proof. Given a digraph D = (V,A) and a cost function c : A —)■ M, let a = fe -|- 1, /3 = 
YlaeA ''(“) + the (a, /?)-extension of {D, c). By previous remarks, optimal 

/c-arborescences in D and optimal /c-arborescences in D'^ correspond to each other in a natural 
way (and Farborescences in are rooted at s). By Gorollary|^ there exists a laminar family 
C F 2^ and two disjoint sets Ao,Ai C A"*", such that a Farborescence F C A+ is optimal if 
and only if Ai C F C A"*" — Aq and F is £-tight. Due to symmetry, Ai contains either all or 
none of the parallel arcs between s and a given node v £ V. Since there are A: -|- 1 parallel arcs, 
the former is impossible, so Ai C A. 

Starting with D~^ — Aq, repeat the MANDATORY ARC TRANSFORMATION above for every 
a £ Ai, to obtain D' = {V-\-s-\-{xa : a £ Ai}, A+ —(AoUAi)-l-Uagyi^Fa)) and the laminar family 
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CJ C For any £-tight s-rooted fe-arborescence F C A~^ with Ai <Z F <Z A~^ — Aq^ 


let (f){F) = F — Ai + \Ja&A\Ba- By Claim 20 cj) defines a bijection between £-tight s-rooted 
/c-arborescences in D~^ — Aq containing Ai and £'-tight s-rooted /c-arborescences in D'. By 
Corollary 17, the family {/ C : \I\ = k and I is contained in a £'-tight s-rooted k- 

arborescence of -D'} is the family of bases of a matroid. This implies that the convex hull of 
root vectors of optimal /c-arborescences in 11 is a base polyhedron. □ 


5 Blocking £-tight /c-arborescences 

In this section we show that if k is fixed, then there is a polynomial-time algorithm that finds 
a minimum transversal of the family of £-tight /c-arborescences. Let D = {V, A) he & digraph 
and let £ C 2^^ be a laminar family. We assume that £ contains V and all the singletons, and 
that D contains an £-tight /c-arborescence. Let be the a-extension of D, where a = \ A\+k. 
The minimum transversals for D and are the same because the arcs sv have |^| -|- /c copies 
each, so these arcs never appear in a minimum transversal. Recall that for VF G £, the digraph 
Dy/ is obtained by contracting V + s — W in D~^ to a single root node sw- 

In what follows, we will often use the matroids M\y = (<5]^+ (LF), rw) for LF G £, as defined 
in Theorem 15 Furthermore, we will often remove some subset of arcs H F A from and we 
will usually denote — H hy D'. Thus for some VF G £ will denote the digraph obtained 
from £)■*■ — 77 by contracting V + s — W into a single node sw- If contains an £[VF]-tight 
srv-i'ooted /c-arborescence for some LF G £, then we can consider the modified matroid obtained 


by using D'y^ in place of Dw in Theorem 15 To emphasize the dependence of this matroid 
on D', we denote it by and its rank function by Likewise, we use the notation 

]y{E) in place of r'^{E) if we refer to the direct sum defined using D'. 

For a non-singleton LF G £ and an arc set E C (5|^+(LF), we say that an £[LF]-compatible 
subpartition df of LF determines ryy{E) if rw{E) = “ 

1). By Corollary 18 such a subpartition exists. Notice that if X determines rw(E), then 
^ ^ ^ Moreover, if = k for some X e X, 

then X — X also determines rw(E). In particular, if r\Y{E) = /c, then rw{F) is determined by 
the empty subpartition. 

Our first lemma shows that the rank of an arc set cannot decrease by more than one if we 
remove only one arc from D. 

Lemma 22. Let E C (5^+(LF), and let D' = £)+ — e for an arbitrary are e G D\y (not 
necessarily in E). If D'yy contains an C[W]-tight sw-footed k-arborescence, then 

rw{E) — 1 < rDi^w{E — e) < rw{E). 

Proof. Let E' = E — e. The inequalities < r^^E') < rw{E) follow from the definition 

of the rank. We prove the remaining inequality by induction on the size of £[LF]; it is clearly 


true if LF is a singleton. Otherwise, by Corollary 18 there is an £[LF]-compatible subpartition 
AI of LF that determines rD',w{E'), i.e. rD',wiE') = T.X£x'>^d',w(^E’uD'[w](^)) ~ “ !)• 

We know by induction that - '^w(^'eud[w](^)) ~ ^ X £ X, and 

the ranks are different for at most one member of X, since e G D]y. for at most one LFj. This 
proves the inequality because rw{E) < Ylxex 

The next result is a characterization of inclusionwise minimal transversals lying inside A. 

Theorem 23. Let H F A be an inclusionwise minimal transversal of the family of C-tight k- 
arborescences in D~^. Let D' = D'^ — H and letW G £ be an inclusionwise minimal member of 
£ for which D'yy does not contain an C[W]-tight sw-footed k-arborescence. Then H F £)[LF], 
and there is an C[W]-compatible subpartition X of W such that ~ 

k{\X\-l)-l. 


12 








Proof. First note that \W\ > 1, since H C A. As H Ci Dy/ is a transversal of /l[VF]-tight sw- 
rooted /c-arborescences (and hence of £-tight A:-arborescences), minimality of H implies that 
H C D\y- Let fFi,..., VF/ be the maximal members oi C\W] — W. By the choice of VF, 
contains an £[VFj]-tight s^vr^oted A:-arborescence for every i, thus ^ is well-defined. 


Since d 


in Corollary 
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;oes not contain an £[lF]-tight sw-rooted /c-arborescence, 0 or (|^ fails to hold 
for r^, w- Suppose that w(<5^/ (X)) < A: for some £[lF]-compatible subset 

’ '’W 

X C VF. Then there is a set Wi such that r £>!H 6ff,{Wi)) < k. However, since we 
did not delete any arc leaving s, and already the arcs going from s to Wi have rank k in M^y-, 
we get (by monotonicity of rwj that ry^ff,{W) H = k, a contradiction. 

Thus (|^ fails to hold in Corollary ^ that is, ^ “ 1) 

some £[VF]-compatible subpartition X of W. As H is inclusionwise minimal and the removal of 
an arc can decrease a rank by at most one according to Lemma the left hand side must be 
equal to k{\X\ — 1) — 1. Since the formula involves only arcs in H'[VF], minimality also implies 
that H QD[W]. □ 


The characterization in the theorem does not lead automatically to an efficient algorithm 
for finding a transversal of minimum size. In fact, for a given X with (X)) = k, it 

is not clear how to compute the minimmum number of arcs that have to be removed in order 
to decrease the rank by one. However, the following lemma implies that if the rank is strictly 
smaller than k, then we can decrease it by removing only one arc. 


Lemma 24. Let W ^ C and E C 5ff+{W) such that 0 < ryr{E) < k. Then there exists an arc 
e G E[JD[W] such that either D\/y — e does not contain an C[W]-tight sw-'footed k-arborescence, 
or r]^i^y/{E — e) = r\Y{E) — 1, where D' = — e. 


Proof. The proof is by induction on |IF|; the claim is clearly true if VF is a singleton. Let 
VFi,..., VF; be the maximal members of C\W\ — W. By Corollary 18 there exists an £[VF]- 
compatible subpartition A of VF that determines rw{E). We can choose a set X £ X and an 
index i for which Wi C X and 


Let A denote S'EuD[w](^')^^^EuD[w](^i')' induction, there is an arc e G AuZl[VFj] such that 
either does not contain an T[VFj]-tight s^Vj-rooted /c-arborescence (where D' is the digraph 
obtained by removing e), or r^'^Wii^ ~ ~ 1- The latter possibility means that 

rD',w{E — e) < rw{E)] on the other hand, the rank can decrease by at most one by Lemma 

M □ 

We can formulate a similar statement for an /l[VF]-compatible subset of VF, which easily 
follows from the previous lemma. 

Lemma 25. Let W £ C, let X W be an C\W]-compatible set, and let E C S^£;+{X) such that 
0 < r^{E) < k. Then there exists an arc e G EyjD[X] such that either Dw — e does not contain 
an C[W]-tight sw^ooted k-arborescence, orr^, yy{E — e) = r^(E) — 1, where D' = —e. □ 

Let 7 be the minimum size of a transversal of the family of £-tight /c-arborescences. Using 
the above lemma, we will show that if 7 > /c, then there exists a minimum transversal having a 
special structure. This will lead to a polynomial algorithm for fixed k the following way: first 
we check every arc subset of size at most /c — 1 ; if none of these is a transversal, then we look 
for a minimum transversal among those having the special structure. As we will see, this can 
be done in polynomial time using the results in |T]. 

We start with an easy corollary of Lemma that describes a case that cannot happen when 
7 > /c; the proof is left to the reader. 
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Figure 3: A digraph that does not admit an £-tight 2-arborescence. Bold arcs are bidirected 
and have multiplicity 2, and £ has 3 members, indicated by ellipses. There is no £-tight 
2-arborescence, although fwi^) ^ “ 1) holds for every W € C and every £[VF]- 

compatible subpartition X of W. Note that the arc sv is a loop in the matroid My/, and 
rw({sn}) is determined by the subpartition {{xi}, {X 2 }}. 


Corollary 26. If there exists VF G £ and two nonempty disjoint C[W]-compatible sets Xi, X 2 C 
W with ^ ^ i ~ 1 < k. □ 

To describe the special structure of the minimum transversal that we are looking for, we 
use a set function that also played a crucial role in the k = 1 case that was solved in [1]. For 
VF G £ and Z C kF, we define 

fw{Z) := \{e G D[W] : e G <5*”(Z), e ^ if W' G £[1F] and VF' n Z ^ 0 }|. 

If D' is a digraph different from D, then we use fD',w{Z) to denote the analogous set function 
for D'. The following claim was proved for /c = 1 in jl] Lemma 3]. 

Claim 27. Let D = {V, A) be a digraph and C ‘lY a laminar family. If there exists an 
C-tight k-arborescence in D, then /ry(Zi) -|- /w(-^ 2 ) > k for any LF G £ and nonempty disjoint 
sets Zi, Z 2 C VF. 

Proof. Suppose for contradiction that there exists an £-tight /c-arborescence in D and there 
exist LF G £ and nonempty disjoint sets Zi, Z 2 C LF such that fwi^i) + fw{Z 2 ) < k — 1. 
Consider the digraph D' obtained from D the following way: for every arc e G for 

which there exists LF' G £[kF] such that LF' n Zj / 0 and e G change the tail of 

e to an arbitrary node in W' r\Zj (j = 1,2). This is the tail-relocation operation introduced 
in [1]. The following can be seen easily: 

• If £ is an £[kF]-tight A:-arborescence in D, then the corresponding arc set in D' is also an 
£[kF]-tight A:-arborescence; 

• fw{Zj) = fD',w{Zj) = QD'[W]{Zj) U = 1)2). 

This contradicts fwiZi)+fwiZ 2 ) < k—1, because the existence of an £[kF]-tight fc-arborescence 
implies QD'[W]iZi) + £’D'[vy](^ 2 ) > k. □ 

Note that in the case /c = 1, [1] Lemmas 3, 4] state that there exists an £-tight arborescence 
in D if and only if fw{Zi) + fw{Z 2 ) > 1 for any VF G £ and nonempty disjoint sets Zi, Z 2 C VF. 
Unfortunately, the analogous statement is not true for k > 1, as illustrated in Figure 
The following upper bound on the rank can be proved similarly to Claim 
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Lemma 28. If W £ C and E C then rw{E) < fw{Z) + Qe{Z) for every non-empty 

Z£W. 


Proof. By the definition of the rank, there is an £[VL]-tight svi^-rooted /c-arborescence E such 
that \E n E\ = rw{E). We apply the tail-relocation operation described in the proof of Claim 


obtained from E. On one hand, fw(Z) = fD',w{^) = Qd'[w]{^)- f^e other hand. 


27 let D' be the modified digraph, and let F' be the £[W]-tight svi/-rooted A:-arborescence 


k < Qf'{Z) < £lo/[^y](Z) -h QEnF{Z) + QF-e{W) < £)£)/[vy](Z) -k Qe{Z) + {k - rw{E)), 


so rw{E) < + Qe{Z) = fw{Z) + qe{Z), as required. □ 

Our next observation is that for some special arc sets the above formula is tight. To describe 
these special arc sets, we use a recursive definition. For W £ C and E C (5^+(VF), we say that 
E is VF-elementary if rw{E) < k and 

• either |VF| = 1 

• or there exists an £[VF]-compatible set X <ZW such that the subpartition {W} determines 

r\Y{E), and O ^''evjd[W\^'^ VF'-elementary for every maximal member W’ 

of C[W] - W. 


Intuitively, an arc set is elementary if only subpartitions of cardinality 1 occur in its recursive 
rank formula. Note that £ = 0 is IF-elementary for every W, since {W} determines rw{E). 


Lemma 29. Let W £ C and E C 5ff+{W). If E is W-elementary, then rw{E) = min{/w(.^) + 
qe{Z) : 0 / Z C VF}. 


Proof. By Lemma 28 rw{E) < min{/vi/(Z) -|- qe{Z) : 0 / Z C W}. We prove the other- 
direction by induction on the size of W. If |kF| = 1, then equality holds for Z = W, because 
we assumed that ry/{E) < k. If |VF| > 1, then let Wi,...,Wi be the maximal members of 
C\W] — W. Since E is VF-elementary, there is a £[kF]-compatible set tj) ^ X EW such that 
rw{E) = •= is Wj-elementary for every i. We 

may assume that X = for some 1 < t < I, and thus rw{E) = Yl\=i'^Wi{Ei). By 

induction, there exist nonempty Zj C Wj {i = 1,... ,t) such that ryi/^{Ei) = fwi{Zi) -£ QE^iZi). 
Let Z = U*^]^Zj. Observe that an arc entering Wi but not entering X does not contribute to 
fw{Z) + qe{Z), thus fw{Z) + qe{Z) = ELiifw^Zi) + QE^iZi)) = rw{E). □ 


If a digraph D' is considered instead of D, then we speak of {D', kF)-elementary arc sets. 
We also extend the notion to arc sets in L)[kF] entering a specified £[kF]-compatible subset. 
For W £ C and an £[VF]-compatible subset X of W, we say that a set E C is X- 

elementary if r^{E) < k and E 0 is VF'-elementary for every maximal member W 

of £[VF] — W. The following is an easy consequence of Lemma 

Lemma 30. Let W £ C and let E C for some nonempty C[W]-compatible subset X 

ofW. If E is X-elementary, then r^{E) = min{/ry(Z) : 0 / Z C X}. □ 


Using this lemma, we can finally prove our main result on the minimum size of transversals. 


Theorem 31. If the minimum size of a transversal is j > k, then 7 equals 


min min{/w(Zi) -|- f\y{Z 2 ) — k -£ 1 : Zi, Z 2 are disjoint subsets ofW}. (14) 

W£C 
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Proof. By Claim 1^ if VC G £ and Zi, Z 2 are nonempty disjoint subsets of VC, then there is a 


transversal of size fwi^i) + /w(-^ 2 ) — k + 1, thus 7 is at most (14) (this is true even if 7 < k). 

To show that equality holds for some VC G £, let H he a minimum transversal, and let 
D' = — H. By Theorem 23, there exists VC G £ and an £[VC]-compatible subpartition X 

of VC such that H C £)[VC] and ^d'~ — 1) — 1- Let us choose a 

minimum transversal H for which VC is the smallest possible, and (subject to that) X has the 


smallest possible cardinality; this implies that (X)) < k for every X ^ X. 

Claim 32. iX] = 2. 


Proof. Suppose for contradiction that \X\ > 3. Then 0 < 

X] furthermore, by the assumption 7 > A: and Corollary all of these ranks except for at most 
one were originally k in D. Let Xq be one of the members of X for which (-^ 0 )) = k, 

and let Xi be another member. Let Ei = and consider the following arc exchange 

operation. 


(Xq, i^ij-EXCHANGE By Lemma 24, there exists an arc e G £1^[VC] such that r’^/_g ^(£1 — e) < 


Choose an arbitrary arc cq G £ whose head is in Xq (such an arc exists because 
^ = H — bq + e. 


By the choice of El, there is no VC' C VC such that Hi is a transversal of £[VC']-tight k- 
arborescences in D'y^,. By the choice of e. Hi is still a transversal of £[VC]-tight /c-arborescences, 
so it is a minimum transversal. We can apply the exchange operation repeatedly until we obtain 
a minimum transversal H" for which r^„ ^(5)^„j^yj(Xo)) = k, where D" = — H". At this 

point, X — Xq is a good subpartition for H" that has fewer members than X, in contradiction 
to the choice of H and X. □ 

We obtained that X is a subpartition with two members, so X = {Xi, X 2 } and ^(<5)^,^^^ (^i)) + 
r^, ^(5)^,j^j(X2)) = A; — 1. The next claim shows that H can be modified so that the arc sets 
in the formula become elementary. 

Claim 33. There is a minimum transversal H* of C[W]-tight k-arborescences such that 
{D*,Xj)-elementary and = r%,^yy{5'^g,yyy^{Xj)) for j = 1,2 

(where D* denotes — H*). 


Proof. If 6ff,^yy^{Xj) is (£',Xj)-elementary for j = 1,2, then H has the required properties. 
Suppose that (Hj) is not {D', Xj)-elementary . This means that if we recursively compute 

the rank of 5)^,j^j(Xj), then at some point we have to compute a rank r£)iy/f{E') for some 
VC' G £[VC] — VC and some E' C (5jy(VC'), but the smallest £[VC']-compatible subpartition y 
that determines rD'^w{E') has at least two members. 

Since 0 < rr)iyvi{E') < k, we have 0 < ve'(‘^E'uD'[ve'](^)) ^ ^ every Y E y. 

Let £ = £' U {H n 5j^(VC')). By the assumption 7 > A: and Corollary 


26 


we know that 

~ ^ most one member of T; let Tq be a member for which it is k, 

and let Yi be another member. Let £1 = same argument as in the proof 

of Claim 32, a (Iq, £i)-exchange operation results in a transversal of the same size as H, for 
which r^, ((5^,^^j^,j(lo)) increases by one. By applying the exchange operation repeatedly, 

we eventually obtain a transversal H" such that |LA"| = |LA| and \yi{^^e''vjD"[W'] {Yo)) = k, 
where £" = £ — H” and D" = — H". At this point, y — Yq also determines the rank 

rD",w'{Yi") = ?'D',VE'(£ 0 ) Las fewer members than y. 

By repeating this procedure, we eventually obtain a transversal H* which satisfies the 
claimed properties. □ 
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Let H* be the minimum transversal given by Claim By Lemma 30 there is a nonempty 

= fD*,w{Zj), for both j = 1,2. Thus fD*,w{Zi) + 


set Zj C Xj such that 


Id*, w(-^ 2 ) = k — 1. Since the removal of an arc from D can decrease fw{Zi) + fw{Z 2 ) by at 
most one, we have 7 = \H*\ > fw{Zi) + fw{Z 2 ) — k + 1. As the reverse inequality has already 
been proved, this completes the proof of the theorem. □ 


The theorem not only characterizes the minimum size of transversals if 7 > fc, but also 
guarantees the existence of minimum transversals that have a special structure. 


Corollary 34. Suppose that'j > k, and let (IT, ^ 1 ,^ 2 ) be minimizers of (14). Let 

Ej = {e€ D[W] : e G e ^ if W' G C[W] and W' n Zj ^ 0} {j = 1, 2). 


Then every arc set H EiL)E 2 of size U £’ 2 ] — /c + 1 is a minimum transversal of the family 
of C-tight k-arborescences. 


Proof. By Theorem 31 7 = fw{Zi)+fw{Z 2 ) — k+l, so \H\ = 7 . Let D' = D—H] by definition. 


fD',w{Zi)+fD',w{Z 2 ) = fw{Zi)+fw{Z 2 ) — \H\-, thus fD',w{Zi)+fD',w{Z 2 ) = k—l. According 
to Claim 27 no T-tight /c-arborescence exists in D', so H is a transversal. □ 


Using this, we can give a polynomial time algorithm if k is fixed. We check if there is a 
transversal of size at most A: — 1 by brute force search. If there is none, then we can use the 
algorithm covering_tight_arborescences in [ 1 ] to compute minv(/e£(™fo{/iy(^i)+ /w(-^ 2 ) : 
Zi,Z 2 are nonempty, disjoint subsets of W}) and minimizers {W, Zi, Z 2 ) in polynomial time. 
We can also determine the arc sets Ei , £2 as in Corollary so we can find a transversal of 
minimum size. 


6 Conclusion 


As the example in Figure shows, the minimum size of a transversal can be smaller than 
(14). To make further progress on the problem, this case should be better understood. As 


mentioned at the end of Section it can be decided in polynomial time using a weighted 
matroid intersection algorithm whether there is an £-tight /c-arborescence; in this sense, the 
case 7 = 0 is well-understood in terms of general matroid techniques. However, such techniques 
do not suffice for higher 7 , as the transversal problem for general matroid intersection (and even 
for general matroids) is NP-hard. The algorithm presented in Section sidesteps this problem 
by simply checking for every arc subset of size at most k whether it is a transversal; this of 
course means that the algorithm is not even fixed-parameter tractable for the parameter k. One 
possible approach to improve this would be to generalize the subpartition-finding algorithms of 
[2j to laminar families. 


References 

[ 1 ] Attila Bernath and Gyula Pap, Blocking optimal arborescences, Integer Programming and 
Combinatorial Optimization, Springer, 2013, pp. 74-85. 

[2] _, Blocking unions of arborescences, Tech. Report TR-2014-02, Egervary Research 

Group, Budapest, 2014, www.cs.elte.hu/egres. 

[3] Jack Edmonds, Submodular functions, matroids, and certain polyhedra, Edited by G. Goos, 
J. Hartmanis, and J. van Leeuwen (1970), 11. 

[4] Andras Frank, On disjoint trees and arborescences, Algebraic Methods in Graph Theory, 
Colloquia Mathematica Soc. J. Bolyai, vol. 25, 1978, pp. 159-169. 


17 








[5] Andras Frank, Rooted k-connections in digraphs, Discrete Applied Mathematics 157 
(2009), no. 6, 1242-1254. 

[6] Andras Frank, Connections in combinatorial optimization, vol. 38, OUP Oxford, 2011. 

[7] Jim Geelen, Bert Gerards, and Geoff Whittle, The highly connected matroids in minor- 
closed classes. Annals of Gombinatorics (2013), 1-17. 

[8] Jim Geelen and Rohan Kapadia, Computing girth and cogirth in perturbed graphic matroids, 
arXiv preprint arXiv: 1504.07647 (2015). 

[9] Tamas Kiraly, Computing the minimum cut in hypergraphic matroids. Tech. Report QP- 
2009-05, Egervary Research Group, Budapest, 2009, www.cs.elte.hu/egres. 

[10] S Thomas McGormick, A combinatorial approach to some sparse matrix problems.. Tech, 
report, DTIG Document, 1983. 

[11] Hiroshi Nagamochi and Toshihide Ibaraki, Computing edge-connectivity in multigraphs and 
capacitated graphs, SIAM Journal on Discrete Mathematics 5 (1992), no. 1, 54-66. 

[12] Alexander Schrijver, Combinatorial optimization: polyhedra and efficiency, vol. 24, 
Springer Verlag, 2003. 

[13] William Thomas Tutte, On the problem of decomposing a graph into n connected factors. 
Journal of the London Mathematical Society 1 (1961), no. 1, 221-230. 

[14] Alexander Vardy, The intractability of computing the minimum distance of a code, IEEE 
Transactions on Information Theory 43 (1997), no. 6, 1757-1766. 


18 



